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A Simulation Program for the Sensitivity and
Linearity of Piezoresistive Pressure Sensors

Liwei Lin, Member, IEEE,Huey-Chi Chu, and Yen-Wen Lu

Abstract—A simulation program is developed which is capable
of calculating the output responses of piezoresistive pressure sen-
sors as a function of pressure and temperature. Analytical models
based on small and large deflection theories have been applied to
predict the sensitivity and linearity of pressure sensors. Surface-
micromachined diaphragms with square or circular shapes, fabri-
cated by a low pressure chemical vapor deposition sealing process,
are designed and tested to verify the program. They are made
of polysilicon and have a standard width (diameter) of 100�m
and thickness from 1.5 to 2.2�m. Various parameters of the
piezoresistive sensing resistors, including length, orientation, and
dopant concentration, have been derived and constructed on top
of the diaphragms. For a 100-�m-wide 2-�m-thick square-shape
pressure sensor, calculated and experimental results show that
sensitivity of 0.24 mV/V/(lbf/in2) is achieved. Experimentally,
a maximum linearity error of �0.1% full-scale span) is found
on a 100-�m-wide 2.2-�m-thick square-shape pressure sensor.
Both sensitivity and linearity are characterized by the diaphragm
thickness and the length of the sensing resistors. [394]

NOMENCLATURE

Constants to be determined in estimating ra-
dial displacement of circular plates.
Bending stiffness.
Young’s modulus.
Fermi energy.
Dopant concentration.
Resistance.
Temperature.
Voltage.
Strain energy due to bending and stretching of
middle planes, respectively.
Piezoresistance coefficient.
Width of a square or rectangular plate or radius
of a circular plate.
Length of a rectangular plate.
Plate thickness.
Applied pressure.

Manuscript received October 15, 1998; revised August 3, 1999. This
work was supported in part by the National Science Foundation under NSF
CAREER Award ECS-9734421 and by NSF GOALI Award CMS-9800482.
Subject Editor, G. Stemme.

L. Lin was with the Department of Mechanical Engineering and Applied
Mechanics, University of Michigan, Ann Arbor, MI 48109–2125 USA. He is
now with the Mechanical Engineering Department, University of California
at Berkeley, Berkeley, CA 94720-1740 USA (lwlin@me.berkeley.edu).

H.-C. Chu is with the Institute of Applied Mechanics, National Taiwan
University, Taipei, Taiwan, R.O.C.

Y.-W. Lu is with the Mechanical and Aerospace Department, University of
California at Los Angeles, Los Angeles, CA 90024 USA.

Publisher Item Identifier S 1057-7157(99)09601-8.

Applied pressure due to bending and mem-
brane stresses, respectively.
Polar coordinates.
Displacement.
Maximum deflection.
Strain.
Poisson’s ratio.

Subscripts

eff Effective.
int Input.
non Noneffective.
out Output.

Cartesian coordinates.
Radial.
Circumferential.

I. INTRODUCTION

I N RECENT years, substantial research has been carried
out on micromachined, diaphragm-type pressure sensors

[1]–[5]. These sensors are fabricated by means of new man-
ufacturing technologies such as bulk-micromachining [6], [7]
or surface-micromachining [8], [9]. Many of them use silicon
and its piezoresistivity as the detection mechanism. These
transducers function when the resistivity of the sensing resistor
changes as the diaphragm deflects due to applied pressure.
In order to increase the sensitivity, the diaphragm thickness
should be thin to maximize the load-deflection responses. On
the other hand, thin diaphragm under high pressure may result
in large deflection and nonlinear effects that are not desir-
able. It is therefore important to characterize the relationship
between diaphragm thickness, deflection, and linearity, both
analytically and experimentally in order to establish the design
guidelines for micropressure sensors.

Numerical simulations such as finite element methods can
be used to simulate load-deflection relationships, including
nonlinear effects of thin diaphragms. However, analytical
solutions are preferred in the design stage to provide prompt
and reliable predictions. Previously, analytical investigations
on the diaphragm deflections have been reported, including the
theoretical studies on square- and circular-shape diaphragms
[10], new analytical solutions for square-shape diaphragms
[11], and the applications of diaphragm deflections to the char-
acterizations of thin film mechanical properties [12]. More-
over, different types of diaphragms and processes have been
designed to increase the sensitivity and improve the linear-
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Fig. 1. Process flow of a surface-micromachined pressure sensor.

ity. For example, microdiaphragms have been constructed
with stress concentration structures to increase the sensitivity
[13]–[15]. As the field of microelectromechanical systems
(MEMS) continues to expand, diaphragm-based structures may
find abundant applications. Both sensitivity and linearity will
be important issues to be investigated.

Several previous reports have found strange nonlinear ef-
fects, including convex and concave types of nonlinear char-
acteristics with respect to different pressure inputs [16], [17].
In the case of capacitive pressure sensors, large deflection
for square-shape diaphragms have been studied [18] by using
Hooke’s method [19]. In order to provide a complete analytical
tool for sensitivity and linearity analyses, this paper uses
surface-micromachined, piezoresistive pressure sensors as the
drive to develop a simulation program. Absolute-type pressure
sensors which use vacuum cavities as the reference pressure
are fabricated by a low-pressure chemical vapor deposition
(LPCVD) sealing process [20]. Theoretical derivations based
on the mechanics of small and large deflections have been
applied to study the sensitivity and to predict the nonlinear be-
havior. Finally, a simulation program has been developed and
is available on the internet for free download [21] to simulate
both the sensitivity and linearity responses of pressure sensors.

II. PRESSURESENSOR TOPOLOGIES AND

FABRICATION PROCESSES

Both square- and circular-shape diaphragms have been
designed, fabricated, and characterized. These pressure sensors
are constructed with surface-micromachined diaphragms by a
micromachining process which uses LPCVD sealing to create
vacuum cavities [20]. The process starts with cleaning the
wafer. A thin layer, 0.15 m, of LPCVD silicon nitride is then
deposited. The cavity area is defined by a first mask via dry
etching process to etch into the silicon of 1m in depth. The
wafer then goes through a thermal oxidation process to create
about 2- m-thick silicon dioxide at the cavity area and to con-
struct a flat surface, as illustrated in Fig. 1(a). LPCVD oxide of
0.5 m is then deposited to form the etch channels. These etch
channels are defined by dry etching with a second mask. It is

Fig. 2. SEM microphoto of a fabricated micropressure sensor with
100-�m-wide square-shape diaphragm.

Fig. 3. SEM microphoto showing the cross-sectional view of a cleaved
cavity. The depth of the cavity is about 2�m.

followed by a 1- m LPCVD polysilicon deposition, etch holes
patterning (mask 3), and dry etching, as shown in Fig. 1(b).
The oxide in the etch channels and the cavity are now cleared
by concentrated hydrofluoric acid (HF) etching. The second
layer of polysilicon with 1 m in thickness is then deposited
by a second LPCVD polysilicon deposition step, which seals
the etch holes and channels and creates a vacuum environment
inside the cavity [22]. The cross-sectional view at the end of
this step is shown in Fig. 1(c). The piezoresistive resistors are
then constructed by using a fourth mask on top the diaphragm
made of undoped-polysilicon. Boron is implanted at an energy
of 25 keV and a dose of 10 cm . An LPCVD oxide passi-
vation layer is deposited with contact holes opened by using
the fifth mask. Aluminum deposition and patterning (mask 6)
are then followed to finish the process, as shown in Fig. 1(d).

Fig. 2 is a scanning electron microscope (SEM) micrograph
of a fabricated pressure sensor. The size of the square di-
aphragm is 100 m in width. There are eight etch channels
around the diaphragm as access channels to remove the
sacrificial oxide inside the cavity. Aluminum metal pads can
be clearly identified in this figure. Circular-shape diaphragms
have also been fabricated with various sizes. Fig. 3 shows the
SEM micrograph of a cleaved pressure sensor. This cross-
sectional view shows both the cavity and the thin diaphragm.
In this case, the depth of the cavity is 2m and the thickness
of the diaphragm is 2 m.
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III. SENSITIVITY ANALYSES

The sensitivity analyses are based on small deflection theo-
ries of plates. In classic mechanics, analytical solutions can
be found for the pressure-deflection relationships of plates
made of isotropic, homogeneous, linearly elastic materials
[10]. Analytical models have been established for diaphragms
with simple geometry such as square, rectangular, and circular
shapes. For the case of circular-shape diaphragms under small
deflection, the radial and circumferential strain with respect to
the applied pressure can be derived as [10]

(1)

(2)

where is the applied pressure, is the Young’s modulus,
and is Poisson’s ratio. The thickness of the diaphragm is rep-
resented as and the radius as. Subscripts and represent
the radial and circumferential directions, respectively.

For the case of square-shape diaphragm under small deflec-
tion, a combination method suggested by Timoshenko is used
in this paper [10]. It is assumed that the total deflection of a
rectangular-shape plate with clamped edges is the summation
of three components: and . The first component, ,
comes from the deflection of a simply supported plate under
the same applied pressure. The second and third components
are introduced to preserve the clamped boundary conditions.
The following equations are derived for a rectangular plate
with widths of and and bending stiffness under an
applied pressure.

(3)

(4)

(5)

(a) (b)

Fig. 4. Most sensitive positions for square and circular diaphragms.

where

(6)

(7)

Both and are solved by (8) and (9), shown at the
bottom of the page, and

(10)

The strain is solved by

(11)

(12)

(13)

These analytical derivations determine the most sensitive
places and orientations for piezoresistive resistors [23]. For
square-shape membranes, resistors should be placed at the
middle and close to the edge with a direction perpendicular to
the edge, as shown in Fig. 4(a). For circular-shape diaphragm,
the most sensitive place is at the edge with resistors placed in
the radial directions, as shown in Fig. 4(b). Moreover, these
resistors should be deposited either close to the top or bottom
of the diaphragms for maximum sensitivity. These placement
are well known in the sensor community that validates the
correctness of the above analytical models.

Once the strain distribution on a diaphragm under an applied
pressure is calculated, various characteristics of the sensing
resistor, including sheet resistance, width, and geometry, can
be analyzed. The sensing resistors are connected as a half

(8)

(9)
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Fig. 5. Sensitivity analysis of a square-shape diaphragm.

Wheatstone bridge with two sensing resistors placed inside
the diaphragm, and the other two reference resistors located
outside the diaphragm. The output voltage is calculated as

(14)

where is the effective resistance from the sensing resistor.
is the noneffective resistance from the noneffective

portion of the resistor, as well as the contributions from
components such as metal pads and contact resistance. When
an input voltage of 5 V and a pressure of 100 lbf/inis
applied, Fig. 5 shows the sensitivity simulations with respect
to the effective length of the resistors for a square-shape
diaphragm with a width of 100 m. Gauge factors of 36.1
and 7.4 for parallel and perpendicular directions are used
in the simulation based on the best fit from experimental
outputs. The standard-type resistor has a sheet resistance of
200 /square, a width of 2 m, and noneffective length of
2 m. It is found that when the resistor length is about 10

m (effective length of 8 m), a maximum output voltage
around 120 mV is achieved. Several parameters are simulated
to examine the sensitivity responses. For example, increasing
the sheet resistance to 300/square can slightly increase the
sensitivity. On the other hand, increasing the width of the
resistor from 2 to 3 m will drop the output level about 15%.
These phenomena can be explained by examining (14) where

at the denominator has components that are independent
of the sheet resistance. Therefore, if the resistance of the
sensing resistor is increased (by increasing the sheet resistance)
or decreased (by increasing the width), the output voltage
increases or decreases, accordingly. Finally, increasing the
diaphragm thickness will drastically reduce the sensor output
as the sensitivity drops.

The circular-shape diaphragms are found to have similar
characteristics as the square ones. In order to simulate di-
aphragms with different kinds of geometry and property, a
simulation program has been developed for both the square and
circular diaphragms [21]. Researchers interested in the optimal
designs of different diaphragm sizes and sensing resistors
can download this program to conduct their own simulations.
Typical inputs for this program are the shape of the diaphragm
(rectangular or circular), dimensions of the diaphragm (width,
diameter, thickness), pressure range, placement of the resistors,
and properties of the resistors.

Fig. 6. Dimensionless deflection-load diagram for clamped circular plates.

IV. L INEARITY CHARACTERIZATION

The linearity analysis begins with small deflection theories
where the deflections are small compared with the thickness
of the diaphragm. Fig. 6 shows the simulation result of di-
mensionless deflection with respect to dimensionless load by
using small and large deflection theories, respectively. For a
circular diaphragm with diameter of 100m, thickness of 2

m, and under a pressure of 100 lbf/in, the load-deflection
relation actually enters large deflection regime as indicated
in Fig. 6. When large deflection effects are considered, the
strain-displacement relations are no longer linear and they are
expressed as

(15)

(16)

(17)

The large deflection problem can be solved under different
boundary conditions. However, only a few cases can be solved
analytically, and many of the problems have to be solved
numerically. In the case of simple geometry, both square- and
circular-shape diaphragms can be solved analytically.

A. Large Deflection of Clamped Circular Plates

In order to solve the large deflection problem for clamped
circular plates, strain energy method is used [24]. For a de-
flected circular plate, the stored strain energy is first separated
into two parts, the energy of bending and the energy due to
the stretching of the middle plane . The strain energy due
to bending is derived by beginning with the small deflection
assumptions

(18)

and is expressed as

(19)
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The energy due to the stretching of the middle plane is
derived by assuming that the radial displacementmatches the
clamped boundary conditions as well as the center position of
the plate

(20)

If the first two terms in (20) are considered, constantsand
can be determined by taking the total energy of the plate

for an equilibrium position in a minimum. Therefore, both
constants can be determined

(21)

(22)

and can be derived as

(23)

The total strain energy is the combination ofand . Based
on the principle of virtual displacement

(24)

The maximum deflection is derived as

(25)

Therefore, (25) can be used to calculate the maximum de-
flection if the loading is given. The deflection can then be
derived by using (18). The displacementcan be calculated
by (20), and the stress and strain at any point of the diaphragm
can be solved by using (15)–(17).

B. Large Deflection of Clamped Square Plates

The large deflection of square plates with clamped edges
has been solved by different methods [25], [24], [26]. A
combination method developed by Föppl is applied here [27].
This method combines the known solutions of small deflection
theories on clamped boundary conditions and the membrane
theories for large deflection problems on simply supported
boundary conditions. First, the total loadingis divided into
two parts, and . The loading that is balanced by both
the bending stresses and shearing stresses is represented by

. The loading that is balanced by the membrane stresses is
represented by . These two are calculated separately and
combined together at the end.

The loading is derived from the small deflection theory as

(26)

If the plate is considered a membrane, the maximum deflection

Fig. 7. Calculatedx-directional strain distributions by linear theory, Föppl’s
method, Hook’s method, and ANSYS simulation for a square diaphragm, 100
�m in width, 2�m in thickness, and under a pressure of 100 lbf/in2.

can be derived [10], and the loading is represented as

(27)

The total loading is the combination

(28)

If the total loading is given, can be solved by the above
equation, and can be derived, respectively. The stress
and strain caused by at any given point of the square-
shape diaphragm are calculated by using the classic small
deflection theory of plates. The stress and strain caused by

are calculated by the membrane theory. The total stress and
strain at any given point are the sum of the two cases.

In order to verify the accuracy of the above derivations
in the case of micromachined diaphragms, four different
simulations have been conducted as shown in Fig. 7, including
small deflection (linear) theory, Hooke’s method [19], finite
element method (ANSYS [28]), and Föppl’s method. This
figures shows the-directional strain distributions for a square
diaphragm of 100 m in width, 2 m in thickness, and
under a pressure of 100 lbf/in. The F̈oppl’s method agrees
with ANSYS nonlinear simulation results well. The Hooke’s
approach deviates from other methods at regions close to the
edges of the diaphragm where the piezoresistive sensors are
placed. Therefore, F̈oppl’s method appears to be a good choice
for the analytical model.

V. EXPERIMENTAL RESULTS AND DISCUSSIONS

A. Sensitivity and Linearity

Several micromachined pressure sensors were designed and
fabricated based on the analytical model. The experimental
and simulation results are based on the connection of a
half Wheatstone bridge as described in the previous section.
Under small deflection, the sensor is expected to behave
linearly with respect to applied pressure. However, due to the
existence of as shown in (14), the nonlinear effect occurs
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Fig. 8. Simulation result of linearity error with respect to input pressure by
using the small deflection theory.

Fig. 9. Linearity error for a 100-�m-wide square diaphragm with a thickness
of 2 �m and various resistor lengths.

even though all the other components change linearly under
small deflection. Fig. 8 is the linearity simulation of square
diaphragms under small deflection (linear theory). The sensors
have widths of 100 m (square shape) and thickness of 2m,
and the resistors have lengths from 5 to 25m. The linearity
error is less than 0.3% full-scale span (FSS). Moreover,
nonlinear effects differ when the length of the resistor changes.
The 10- m-long resistor has the best sensitivity from the
result of sensitivity simulation, but has the worst linearity
error of about 0.3% as shown. The linearity error seems to
decrease as the length of the resistor increases. Moreover, the
linearity curves are symmetrical to the central pressure at 50
lbf/in .

When large deflection effects are considered, the shape
of the curves changes. Fig. 9 shows the simulation result
by using the large deflection effects as discussed. First, the
absolute magnitude error is much larger than the linearity
error derived from small deflection theories. Second, the shape
of the curve differs as the length of the sensing resistor
changes. Third, the error may go from negative to positive
as the applied pressure changes. Finally, the shape of the
linearity error is no longer symmetrical to the central pressure

Fig. 10. Linearity error for a 100-�m-wide square diaphragm with a resistor
length of 10�m and various diaphragm thickness.

Fig. 11. Linearity error for 100�m in diameter, circular diaphragm with 2
�m in thickness, and various resistor lengths.

and becomes irregular. According to the simulation results in
Fig. 9, minimum average error is achieved when the sensing
resistor length is 15 m. If the resistor length is fixed at 10

m and the thickness of the diaphragm is changed, Fig. 10
shows the new simulation results. It is observed that when
the diaphragm thickness increases from 1.6 to 2.4m, the
linearity error reduces and changes signs from positive to
negative, and the absolute value decreases as well. The best
(minimum) average linearity error occurs when the diaphragm
thickness is about 2.2m. It is noted that as the diaphragm
thickness increases, the linearity error decreases and satu-
rates.

A similar trend is found for diaphragms with circular shapes.
Figs. 11 and 12 are simulation results for 100m in diameter
circular-shape diaphragms. In Fig. 11, the thickness of the
diaphragm is fixed at 2 m, and in Fig. 12, the length of
the sensing resistor is fixed at 10m. When the linearity error
of square and circular diaphragms are compared at the same
thickness, the circular ones have smaller linearity errors (see
Figs. 10 and 12). This is probably due to the fact that the
circular-shape diaphragms occupy less area than the square
ones for the same diameter and width. The circular diaphragms
are more rigid in this case, and large deflection effects are
minimized.
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Fig. 12. Linearity error for 100�m in diameter, circular diaphragm with
resistor length of 10�m, and various diaphragm thickness.

Fig. 13. Measured (symbols) and simulated (solid lines) linearity error of
square-shape pressure sensors with different diaphragm thickness.

B. Experimental Results

The electrical responses of fabricated microsensors are
collected by using a computer-controlled pressure supplier.
Our experiments show that a sensitivity of 0.24 mV/V/(lbf/in)
can be achieved. Moreover, the sensitivity increases as the
thickness of the diaphragm decreases. The linearity error of a
set of square-shape diaphragm pressure sensors with sensing
resistor length of 10 m is plotted in Fig. 13 by a measure of
FSS with respect to the applied pressure. The symbols are the
experimental measurements and the solid lines are the results
from the simulation program. The best linearity error is about

0.1% FSS with pressure hysteresis of 0.02% FSS when the
thickness of the diaphragm is 2.2m. It is observed that the
measured data are consistent with the analytical predictions as
shown in Fig. 10. The thinnest diaphragm not only has the
highest linearity error but also has the largest hysteresis. From
the experimental data and the theoretical simulations, it can
be concluded that large deflection effect did occur and cause
nonlinear responses.

C. Temperature Effects

Temperature affects the performance of the pressure sensors
in several categories, including changes of geometry, material
properties, and piezoresistivity. Both geometrical and material
property changes only contribute less than 100 ppm, which is
much smaller than the experimental result [29]. The change of

Fig. 14. Simulation result of temperature effects on square- and circu-
lar-shape (100�m wide and 2�m thick) pressure sensors.

piezoresistivity appears to dominate the temperature responses
and is discussed in this section. The piezoresistance coeffi-
cients in silicon have been studied in a graphical representation
[30]. It is found that the piezoresistance coefficientis a
function of temperature and dopant concentration .

(29)

where is presented as a function of Fermi energy
, temperature , and the piezoresistivity at 300 K, .

It is noted that this expression is only good for silicon, and
more detailed studies on the temperature and piezoresistivity
of polysilicon have been reported [31]–[33]. However, we
found this expression is suitable for the first-order approxi-
mation in our case and was able to built this model into our
simulation program. Fig. 14 shows the simulation results of
maximum output voltage on both circular- and square-shape
micropressure sensors with respect to temperature. These
diaphragms have the characteristic length (width or diameter)
of 100 m, a thickness of 2 m, and under an applied
pressure of 100 lbf/in. The sensing resistors have the standard
parameters of 2 m in width. An offset of about 20 mV is
observed because under the same characteristic length (100

m), circular-shape diaphragms have stronger rigidity such
that they are less sensitive than those square-shape diaphragms.
It clearly indicates that when temperatures rise from room
temperature to 100C, the sensitivity of both sensors may
be reduced by about 15%. Moreover, at the same temperature
and characteristic length, square-shape diaphragms are more
sensitive than circular ones. Experimentally, tests have been
conducted at three testing temperatures from40 C, 25 C,
to 120 C, as shown by the symbols in Fig. 15. These data
were collected from a 100-m-wide 2- m-thick square-shape
micropressure sensor. It is found that our simulation model
(solid lines) is consistent with the experimental result.

VI. CONCLUSION

In conclusion, this paper has demonstrated the feasibility
of applying analytical models to the sensitivity and linearity
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Fig. 15. Experimental (symbols) and simulation (lines) results of a
square-shape (100�m wide and 2�m thick) pressure sensor under different
temperature and pressure.

analyzes for surface-micromachined pressure sensors. A newly
developed fabrication process has been used to fabricate these
sensors which use the LPCVD process as the sealing mecha-
nism. The sensitivity of the pressure sensors has been studied,
and the design optimization processes have been established
for both square- and circular-shape diaphragms. The problems
of linearity have been investigated by using Föppl’s method for
square-shape diaphragms and the energy method for circular-
shape diaphragms. It is found that both the length of the
sensing resistors and the thickness of the diaphragm will
affect the characteristics of linearity error. These results have
been successfully verified on the prototype pressure sensors
made by surface-micromachined diaphragms. Experimental
results show that sensitivity of 0.24 mV/V/(lbf/in) on a
2.0- m-thick square diaphragm is achieved. Furthermore, a
linearity error of 0.1% FSS with pressure hysteresis of 0.02%
FSS on a 2.2-m-thick square diaphragm is accomplished.
In order to disseminate these research results, a simulation
program has been developed and placed on the internet for free
download. It should be noted that these analytical models are
capable of predicting sensor responses in various positions or
directions on thin diaphragms. With simple modifications, the
full Wheatstone bridge can be implemented into the program,
and research is encouraged to exercise different pressure sensor
designs.
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