TABLE 3 Shear, moment, siope, and defl tion formulas for elastic straight beame

NOTATION: W =load (force); w = unit load (force per unit length); M, = applied couple (force-length); 6, = externally created concentrated
angular displacement (radians); A, = externally created concentrated lateral displacement; 7, and T,= temperatures on the top and bottom
surfaces, respectively (degrees). R, and R, are the vertical end reactions at the left and right, respectively, and are positive upward. M, and My
are the reaction end moments at the left and right, respectively. All moments are positive when producing compression on the upper portion of the
beam cross section. The transverse shear force V is positive when acting upward on the left end of a portion of the beam. All a'pphed !oads, couples,
and displacements are positive as shown. All deflections are positive upward, and all slopes are positive when up and to the right. E is the modulus

of elasticity of the beam material, and [ is the area moment of inertia about the centroidal axis of the beam cross section. y is the temperature
coefficient of expansion (unit strain per degree) :
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End restraints, .
reference no. Boundary values Selected maxi values of and deformations
] Wil = a) . ;
la. Left end free, right end | R, =0 My=0 4, = —5E Max M = Mp; max possible value = — Wl when a = 0
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Ry=W My = % Max ¥ = 5,; max possible value = T2ET when a = 0 N

W P e "
lc. Left end simply sup- | R, = ‘,—[3(/ — a)}2 + a) M, =0 Max + M = :LI';(I — a)!(2l + a) &t x = a; max possible value = 0.174 W when « = 0.366(
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TABLE 3 Shear, moment, slope, and deflection formulas for elastic straight beams (Continued)

2. Partial distributed load Transverse shear = V = R, — w,(x — a) — :’(‘l;w’;c‘ — a)?
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End restraints,
reference no. Boundary values Selected i values of s and deformations
2a. Left end free, right end |R, = 0 M, =0 If « = 0 and w; = w, (uniform load on entire span), then
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Max y = —0.00239 at x = 0.4472/

If @ = 0 and w, = 0 (unilormly decreasing load), then
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Maxy =4 = Jomr
0p=0 =0
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Max—M‘=M3=—24“— Max + M =M, = ;
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TABLE 3 Shear, moment, slope, and deflection formulas for el tic straight b
L}

(Continued)

End restraints.
reference no.

Boundary values

Selected maximum values of moments and deformations

2d. Left end fixed, right end
fixed

Wi

a —{%

R, = ;/uJ (= )l + a) + %u — a3l + 2a)

M, = 2 —a)¥(l + 3a) — S — a)¥2L + 3a)
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RB=“L+_'2((_,,)_RA
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Mg =R+ M, — —;'—(1 —a)? - '—6-".(1 — a)?

If 2 = 0 and w; = w, (uniforin lvad on entire span), then

Max — M =M, = My =

—w 1

Max y =

384E1

atx =

—w, [* w I? ]
Ya Max + M = Ya atx = —

1

2

If a = 0 and w, = 0 (uniformly increasing load), then

= 3wl —uwl? R Tuyl

20 & 30 )
Max + M = 0.0215w,/% at x = 0.548/

A

14
Max y = —0.001309—L
‘ El

at x = 0.525/

Max — M = Mg =

—w,[z

2e. Left end simply sup-
ported, right end simply
supported

w

w uy — u
R, = -;—';(1 —a?+ ""751_“([ — a)?

My=0 3,=0
it
0, = —5(l — a(l* + 2al — a
A 245”( a)¥( a a®)
_.’ﬁ(, 2712+61 342
360E1l 2k al:—i%r%)
RB:‘%_‘*_“_"U_,,,_RA
w,
By = = (12 = a¥
2= e )
i — Yo 2002 2
2= Pa ) — a)2(81% + 9al + 3
+ gogn TV BE A 9al 4 3

If a = 0 and w; = w, (uniform load on entirc span), then

w,l wyl? !
R, =Ry=—— Max M = A atx:E

3 — 5w 4 !
Lo Wi g =i ar & =y

Max § = 05 = ——
24E1 - 384E1 2

If @ = 0 and w, = 0 (uniformly increasing load), then

wl wl 2 7
R, = = Ry = = Max M = 0.0641w/® at x = 0.5773(
— T3 w3
47 360E/ B 45E1
wl?
Max y = —0.00653 at x = 0.5195/
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2 Lelt end guided. right

end simply supported

w1

w, wyp = w,
M, = ?"(l - a) + ———=(l — a)?

Y= " ({ = a)%(51% + 2al — )
: 24E/

w, —

= —wﬂ(l — a)}%91% + 2al — a?)

Il « = 0 and wy = w, (uniform load on entire span), then

e 13
Max M = M, = 2 Mas By =
3£

—Su,

Max \-=vl=4
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If @ = 0 and w, = 0 (uniformly increasing load), then

120E7 e d e = b
: i axM=M, = — a =0, = ——
Ry = 1“—2+—ﬂ(l ~a) 4776 a 2= 3E
— 3w, l?
By = —2(l — a2l + a) + L0 st Mamy =0 = orr
= —a a B ( e
5= 6l gagr ¢V BIFa
Mg=0 g =0 If a = 0 and w; = 0 (uniformly decreasing load), then
. 12 . 13
Maxﬁl:MA:u" Max€=05=u
24E/
— 9w |4
Max y =y, = 1ot
i i 15E1
3. Concentrated intermediate moment Transverse shear = ¥V = R,

Bending moment = M = M, + R,y +

M x — a)?

Y 5 M . pop g M R My 3
B =6= — —{x —a
My P AT TE T TEY
X == T/ x 1 M2 R M
e . - i ] 2
= 6 Rg Deflection = vy =y, + 0~ + SEL + SEl + EE—I(\ —a)?
e
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End restraints,
reference no. Boundary values Selected maximum values of moments and deformations
3a. Left end free, rightend | Ry =0 M, =0 Max M =M,
fixed (cantilever) Ml — a)
gl — —M
6, = —"EI— Max 6§ = 6,; max possible value = = when v = 0
o ,
4 Mg M(12 — a?) j M2
V= YT, Max v = v, max possible value = —%— when « = 0
Rp=0 My=M,
g =0 yp=0
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TABLE 3 Shear, moment,

slope, and deflection formulas for elastic straight beams (Continued)

End restraints,
reference no.

Boundary values

Selected maximum values of moments and deformations

3b. Left end guided, right

end fixed

a

Ry,=0 §,=0
—M (-
L]
_ Mya(l = a)
Rg=0 Oy =0
M,a

Mg =
8 /

g =0

Max + M = My; max possible value = Mo when a =1

Max — M = M ;; max possible value = — M, when « = 0

M 12

Max v = y,; max possible value = when @« = —
J=] P

3¢, Left end simply sup-
ported, right end fixed

—3M, ., Y
R, = ?(I — a®)

M,
= Mo 1 uyBa—1
YA

M, =0 wuw=0
M

- 0 (12 _ g2
RB_F([ a®)
Mu 9,2 2

Mg = 2’2(34 — 1?3

bg=0 =0

Max + M = M, + R,a just right of x = a; max possible value = M, when ¢ = 0 or ¢ = [; min
possible value = 0.423M, when a = 0.577/
—3M,a
213
when a = 0.577/
—-M
212
M (- 3a -1 M2
_———‘n( < (Ba — ¥ ax=1 e ; max possible value = 0.0257 —=
6V3(l + a) EJ 31 + 3a

at x = 0.474/ when a = 0.7211 (.N'nlt: There is no positive deflection if a < é)

213 1 a\? a\* B
Max — y occurs at x = m[l ~5 1- G(T) + 9(7) ]; max possible value

—M, 2
=—"——a(x=§whcna=0

27E!

Max — M = (12 — a?) just left of x = a if @ > 0.282[; max possible value = —0.577M,

Max — M =

"(12 - Ba_z) at B if a < 0.282/; max possible value = —0.5M, when a = 0

Max +y =

3d. Left end fixed, right end
fixed

_ —6Ma

Ry = 73 (I = a)
M, = iﬂ(l"’ — dal + 3d?)
I2
6,=0 2=0
Rp= —R,
)

M
Max + M = I—:;'(-Irll2 — 9a%l + 6a3) just right of x = a; max possible value = M, when a = |

M .
Max — M = I—;Hnlz — 9a? + 643 — 13) just left of x = a; max possible value = — M, when ¢ = 0

2M3

Max + y =
© T 3R2EI

I ] M2
aty = E(Ju — [); max possible value = O.DIGI7—E"I— at x = 0.565/ when

a = 0.767/ (.’\"nlr: There is no positive deflection if « < i)
3

3e. Left end simply sup-
ported, right end simply
supported

)

T

-
Ka=—=
0, = —2o o2 _ gut + 3a?)
47 6EN
My=0 4 =0
M
R, =2
BT
M
b5 = —2(1* — 342
5= Sen )

M, . .
Max + M = TU — a) just right of x = a; max possible value = M, whena =0

—-Ma .

Max — M = £ just left of x = a; max possible value = —M, when a = (
A — 342 — 9/23/2

Max + v = H,(6al — 3u 2/%)

9\/.'7EI/ at v = (2al — o? — 512)”2 when @ > 0.423; max possib.c

M, 12
calingn= 2 i =105 5 = ; 3 e ;
value = 0.0642 T atx = 0.577/ whenu =1 (Note: There is no positive deflection if a < 0.4231)

3 Left end guided, right
end simply supported

(v

A “To
Moa 2
T = 20 —
4 =g
Rg=0 Mg=0 yp =0
—-Ma
Oy = —o
2T E

Max M = -M, for0 <x<a

) —M
Max 6 = 6z max possible value = !

when a =/

Max y = 7 M1
ax y = y,; max possible value = ——= whena =/
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