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Self-Buckling of Micromachined Beams Under
Resistive Heating

Mu Chiao and Liwei Lin, Member, IEEE

Abstract—Self-buckling behavior of micromachined beams
under resistive heating is described by an electromechanical
model with experimental verifications. This model consists of
both electro-thermal and thermo-elastic analyses for beam-shape
polysilicon microstructures that are fabricated by a standard
surface micromachining process. When an input electrical current
is applied, joule-heating effects trigger the thermal expansion of
beam structures and cause mechanical buckling. The standard
testing devices are clamped–clamped bridges, 2-m wide, 2- m
thick, and 100- m long. It is found that a minimum current of
3.5 mA is required to cause beam buckling. Under an input current
of 4.8 mA, a lateral deflection of 2.9 0.2 m at the center of the
bridge is measured with a computer image processing scheme.
The experimental measurements are found to be consistent with
analytical predictions. A discussion of modeling considerations
and process variations is presented. [412]

Index Terms—Electro-thermal response, micro beams,
post-buckling, resistive heating, thermal actuators, thermal
buckling, thermoelasticity.

NOMENCLATURE

Cross-sectional area.
Young’s modulus.
Thermal conductive shape factor.
Moment of inertia.
Current density.
Thermal conductivity.
Original length of the micro beam.
Thermal load.
Variable in the temperature equation.
Thickness.
Suspension distance.
Coordinate along the actuated beam.
Coordinate along the horizontal axis.
Lateral deflection.

α Thermal expansion coefficient.
β Variable in substitution for .
ρ Resistivity of polysilicon.

Combined variable in heat equation.
ε Strain.
θ Deflection angle.
ξ Thermal resistivity coefficient.
φ Variable in substitution for andβ.
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Subscript

Air.
Average.
Combined variable.
Maximum.
Nitride.
Polysilicon.
Ambient (bulk).

I. INTRODUCTION

J OULE-HEATING-INDUCED thermal expansion is an
important actuation mechanism for microelectromechan-

ical systems (MEMS) [1]–[4]. Many actuation schemes that
have been successfully implemented, such as bimetal [5],
buckling [6], and thermo-magnetic actuation [7] are based
on electro-thermal effects. Empirical characterizations for
the performance of these electrothermal actuators, including
displacement, force, or functionality are abundant. Analytical
solutions, starting from the electrical inputs that provides the
joule-heating energy to the mechanical actuation that are the
result of thermal-elastic behavior, are often missing. In order
to conduct design improvement or optimization for any of
these or other electrothermally driven MEMS structures, a
clear understanding of electro-thermal-elastic responses is
inevitable.

The characterization of electrothermally driven devices
consists of two parts: electro-thermal and thermal-elastic
analyses. Electrothermal investigation begins with the heating
of microstructures by the electrical power. An electro-thermal
model for heavily doped polysilicon micro beams was pre-
viously established [8]. The model is capable of predicting
the temperature distributions on self-heated micromechanical
beams. The thermal-elastic problem is investigated in this
paper by using the coupled problem ofElastica [9]–[11] and
the Duhamel-Neumann relation (e.g., [12]). Microstructures
fabricated by the MCNC Multi-User MEMS Process (MUMPs)
[13] are tested experimentally to verify the analytical model.
Moreover, results from a finite-element simulation program
are compared with the theoretical derivations and experiments.
This coupled electro, thermal, and elastic model has been
utilized in the analysis of a vertically driven microactuator [6].
In addition, this model is expected to play an essential role for
the development of other MEMS actuators that are based on
the electrothermal joule-heating effects such as Heactuators
[14] and Hexsil tweezers [15]. In conclusion, the influence of
temperature, material and critical design issues are discussed.
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Fig. 1. Clamped–clamped micro beam buckles under joule heating.

II. THEORETICAL STUDY

Fig. 1 shows the schematic diagram of a clamped–clamped
micro beam that is investigated in this paper. When an electrical
current is applied, the outcome of the electro-thermal heating
effect causes the beam to expand. The thermal-elastic behavior
results in buckling and actuation of the structure. If the width
of the structure is less than its thickness, the beam moves later-
ally, as shown. On the other hand, if the width of the beam is
larger than the beam thickness, vertical deflection is expected.
The expansion and actuation mechanisms consist of two parts:
the electro-thermal response due to the electrical heating and
the thermal-elastic reaction due to the thermal expansion of the
microstructures.

A. Electro-Thermal Analysis

When an electrical current is applied, resistive heating occurs
and the temperature on the beam can be represented as a func-
tion of the input current. Previously, an electro-thermal model
for suspended microstructures has been investigated with exper-
imental verification [8]. An electrothermal equation was estab-
lished and the steady-state temperature distribution on the sus-
pended beam was represented as

(1)

The average temperature is calculated by integration

(2)

where

(3)

(4)

and is the ambient temperature,is the current density, and
is the resistivity of polysilicon at ambient temperature. The

symbols , , and represent the thickness of polysilicon,
silicon nitride and the suspension gap, respectively.repre-
sents the thermal conductivity of silicon nitride.is the exces-
sive thermal conductive shape factor that can be calculated by

TABLE I
PHYSICAL PROPERTIES OF THEMICRO

BEAM

using numerical simulations [16]. The thermal resistivity coeffi-
cient and the thermal conductivity of polysilicon are represented
by and . These parameters are experimentally character-
ized [3], [8], [13], [17], [27] as listed in Table I.

B. Thermal-Elastic Analysis

Temperature rise as provided by the electrothermal power
causes these beams to elongate. Due to the clamped–clamped
boundary condition, compressive stress is generated and buck-
ling behavior occurs if the stress exceeds a critical value. This
thermal-elastic problem can be modeled by solving the classical
problem ofElasticawith the governing equation [9], [10]

(5)

As shown in Fig. 1, is the deflection angle with respect to the
original axial axis, , and is the coordinate along the deflected
beam. and are the Young’s modulus and moment of inertia
of the beam, respectively. is the thermal loading andis the
lateral deflection that is solved analytically as [18]

•

(6)

•

(7)

where

(8)

(9)

The maximum deflection angle occurs at one-forth of the beam
length due to symmetry and the maximum deflection is at
the center that can be derived from (7)

(10)
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Fig. 2. Simulation result of the deflection shape of a buckled micro beam.

A one-dimensionalDuhamel-Neumannconstitutive law is
then used to relate the thermal stress [12] with respect to tem-
perature changes. This step also connects the electro-thermal
analysis to the thermal-elastic problem

(11)

where is the thermal strain [18]. is the cross-sectional area
of the beam, andα is the thermal expansion coefficient. The
maximum deflection is now derived with respect to the average
temperature of the micro beam as

(12)

This equation is used to predict the displacement at the center
of the beam.

C. Analytical and Numerical Solutions

In order to solve this statically indeterminate problem, max-
imum deflection angles are first assumed and the corresponding
variables such as thermal loading, strain, and maximum deflec-
tion are calculated [18]. Before the buckling temperature, the
maximum deflection at the center of the beam remains at zero.
The simulation program begins its predictions after this min-
imum temperature is reached. For standard beams of 100-m
long, 2- m wide, and 2-m thick, an input current of 3.5 mA is
required to generate an average temperature of 531C to initiate
buckling. It is found that the corresponding thermal loading is
9.2 10 N. The displacement of the beam keeps increasing
as the applied current is increased, but the thermal load de-
creases. For example, thermal loading drops from the critical
value at the buckling point to 99.8% when the average tempera-
ture reaches 1000C [18]. This is probably due to the stress re-
laxation process in the post-buckling stage. This trend was pre-
viously reported in classic mechanics [19]. The deflection at the
center of the beam, on the other hand, increases as the tempera-
ture increases and the relation is nonlinearly governed by (12).
Fig. 2 is the results of theoretical simulation for the shape of the
micro beam in action by solving (6) and (7). The figure shows
that when the average temperature of the micro beam is 900C,
the deflection is about 3m.

Fig. 3. Schematic diagram of a thermally driven micro beam.

Fig. 4. SEM micrograph of three micro beams with lengths of 50�m and
widths of 1, 2, 5 and 10�m.

III. EXPERIMENTAL MEASUREMENTS

A. Sample Preparation and Experimental Setup

The suspended micro beams have been fabricated by the
MUMPs in the batch of run #22 [13]. Fig. 3 shows the schematic
diagram of the structure. Silicon nitride of 0.6m in thickness
functions as the thermal and electrical insulation layer. The
micro beams are constructed by using the second or third
structural layers of heavily phosphorus doped polysilicon in
the MUMPs. The POLY1 and POLY2 layers are 2 and 1.5m
in thickness and suspended 2 and 2.8m above the substrate,
respectively. Electrical current is supplied via contact pads to
the micro beams. Different lengths and widths of micro beams
have been designed, fabricated, and tested. The lengths are
ranging from 50 to 100 m with widths of 1, 2, 5, and 10m.
Fig. 4 is an SEM micrograph showing four suspended micro
beams made of POLY1 layer. They are 50-m long, 10-, 5-,
2-, and 1- m wide (from top to bottom), respectively. A probe
station equipped with a charge-coupled device (CCD) camera
and an image-processing card in a personal computer has been
utilized in the experiments. The image of the deflected micro
beam is captured as shown in Fig. 5. This image is then pro-
cessed in AutoCAD to measure the lateral deflection, as shown
in Fig. 6. The length of micro beam is set as 100-unit length
and the corresponding deflection is calculated internally in
AutoCAD. In this particular example, the deflection is recorded
as 2.9±0.2 m. The uncertainty of ±0.2 m is estimated from
human errors and the clarity of the image. Both ac and dc
inputs have been used to actuate these devices. For ac inputs,
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Fig. 5. Image of a micro beam in action under an optical microscope.

Fig. 6. Deflected image captured and processed in a personal computer by
using AutoCAD.

Fig. 7. Plot of the maximum deflection as a function of input current for a
2� 2� 100�m beam.

the micro beams move at twice the input frequency up to about
100 Hz. When the input frequency is higher than 100 Hz, the
micro beam reacts like it is under dc inputs because the cooling
process cannot catch up with the heating process. If the width
of the micro beam is less than its thickness, lateral actuation
occurs. If its width is larger than the thickness, the micro beam
moves vertically.

B. Electrical Input to Mechanical Actuation

Three kinds of micro beams have been tested. They are
100 m in lengths and 2 2, 1 2 and 1 1.5 m in
cross sections. Figs. 7–9 show the experimental (symbols) and
analytical results. The solid lines are numbers derived from the
theoretical model of (12) and the dashed lines are simulations

Fig. 8. Plot of the maximum deflection as a function of input current for a
1� 2� 100�m beam.

Fig. 9. Plot of the maximum deflection as a function of input current for a
1� 1.5� 100�m beam.

from finite-element analysis (FEA) [20]. In a standard step
to analyze this buckling problem, an infinitesimal force is
introduced in FEA at the first load step. This infinitesimal force
is then removed after bending of the beam. Experimentally,
these micro beams do not deflect under low input currents
until a critical current is reached to generate a large enough
compressive stress for buckling. A simulation result showing
temperature versus input current on a 22 100 m beam
is illustrated in Fig. 10. It is calculated that a current of 3.5 mA
is required to generate an average temperature of 531C to
initiate buckling. After buckling, the deflection increases as the
input current increases and the experimental measurements are
consistent with both the theoretical prediction and FEA simula-
tions. The FEA results seem to be closer to the experiments than
the theoretical calculations. The possible explanation is that an
average temperature is used in the analytical model while the
FEA simulation used the distributed temperature profile that is
close to the true conditions. However, FEA simulations require
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Fig. 10. Average temperature versus input current of heated beam.

large computational power for this nonlinear problem. In order
to prevent either creep or recrystallization [21], the experiments
stop at a temperature of about 900C and we found no perma-
nent damages to these devices. For all three kinds of devices,
two different samples have been experimentally characterized.
In Fig. 7 of the 2 2 m beams, the experimental results
are consistent with the analytical predictions. The analytical
predictions underestimate the beam deflections in the cases of
1 2 m and 1 1.5 m beams, as shown in Figs. 8 and
9. The major source of discrepancy is that the manufactured
widths of these beams are expected to be less than the design
widths of 1 m. Therefore, these beams react at a lower
input current as predicted in the theoretical analyses. This
over-etching effect also thin those beams of 2m in widths
in Fig. 7 such that they move laterally instead of vertically.
Furthermore, samples with same dimensions do show slightly
different experimental results as shown in these figures. This
is probably due to the manufacturing variations that cause tiny
dimensional variations for the manufactured microstructures.

IV. DISCUSSIONS

Several modeling considerations are discussed. First, residual
stress may exist in micromachined thin films and it is impor-
tant to characterize its effects. A passive residual strain gauge
[22] has been fabricated together with these micro beams via the
MCNC MUMPs process, and the residual strains of the POLY2
and POLY3 layers have been detected to be 6.410 com-
pressive. The corresponding residual stresses are 9.6 MPa for
polysilicon films with Young’s modulus of 150 GPa. When the
compressive residual stress is considered in the analysis, the
critical current to cause the buckling of micro beams decreases.
In fact, self-buckling may occur when there is a great amount
of compressive stress is in the thin film, as discussed previously
[23], [24]. On the other hand, if the residual stress is tensile, it
hinders the actuation of the micro beams. In general, the cur-
rent-deflection curves as those of Figs. 7–9, move from left to
right as the residual stress changes from compressive to tensile.

Fig. 11. Effect of geometrical variations.

Process variations may also change the behavior of micro
beams. For example, a trapezoidal, instead of a square shape
may be the true cross section of the beams as the result of an im-
perfect reactive-ion-etching process [25]. In addition, the width
and thickness of the beams may also vary from different wafers
or even different locations of the same wafer. Fig. 11 shows
simulation results that characterize the sensitivity of the micro
beams with respect to these process variations. The standard
beam is 2 2.2 m in cross section. When the width decreases,
the analytical prediction shows that the current-deflection curve
moves to the left because the rigidity of the micro beam is re-
duced. For beams with trapezoidal cross section of 1.8m at
the top and 2.0 m at the bottom, the simulation result shows
the curve move to the left–hand side, but is very close to the
standard beam. In summary, all of these process variations af-
fect the performance of the micro beam and the variations are
within 10% of the original current-deflection curve. The varia-
tions in material properties with respect to temperature have not
been considered in these theoretical models, but in reality, these
values change at different temperature [26]. Unfortunately, the
databases for material properties with respect to temperature of
many thin films, including polysilicon, have not been fully es-
tablished. A detail study for several “mechanical” properties,
including thermal expansion coefficient, thermal conductivity,
and Young’s modulus is essential to improve the accuracy of
this and other MEMS models.

V. CONCLUSIONS

A MEMS model that combines both electro-thermal and
thermal-elastic analyses has been developed for buckling
behavior of micromachined beams. This model can be applied
to microstructures that operates based on the principle of
joule-heating effects. The transformation of energy is success-
fully established, from electrical inputs to thermal heating, and
to the mechanical deflections. A standard surface microma-
chining process that was conducted via the foundry service of
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MCNC MUMPs is used to fabricate these micro beams. It is
found that the experimental measurements are consistent with
analytical predictions. The theoretical analysis underestimate
the lateral deflections for beams of 1m in width probably
due to the plasma-etching process that generally thins down
the designed width. A typical micro beam with 2m in width,
2 m in thickness, and 100m in length can achieve a lateral
displacement of 2.9 m at the center of the beam under a
4.8-mA input current.
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